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ABSTRACT

It is proved that for arbitrary m € N and for a sufficiently nontrivial
compact group G of operators acting on a “typical” n-dimensional
quotient X, of II* with m = (1 + &)n, there is a constant ¢ = ¢(4)
such that

sup / ITelldha(T) > v/ logn.
G

llz)f=1

1. Introduction

‘We shall study some properties of quotients of {* with the dimension proportional
to m. While studing local theory of Banach spaces the following type of problems
is considered: For a given class G of groups acting on an n-dimensional linear
space and an n-dimensional Banach space X, estimate the guantity
(1.1) I(X,,G) = inf sup sup ||Tz]|.

Ge€G ||1jj=1TeG
A typical example of such a situation is the case of groups connected with the
symmetric or unconditional basis structure of X,, [T]. In this paper we shall
study the invariant

(1.2) Av(X,,G) = inf sup / | Tz||dhe(T),
Celall=1 /@
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for “typical” proportional quotients of I7* of a fixed proportion and for some
classes of compact groups of operators. Since l1-norm for a normalized measure
is smaller than l,-norm one has Av(X,,G) < I(X,,,G). We shall prove that if
the class of groups G consists of sufficiently nontrivial groups only, then

Av(X,,6) > ﬂ
logn
for “most of” proportional quotients X,, of {7. In particular, this holds true for
the class of compact groups acting irreducibly on X,, or the class of groups con-
nected with the unconditional basis structure. It is worth mentioning that our
methods allow considering proportional quotients of arbitrary but fixed propor-
tion while previously some essential restrictions on the proportion were required
[Sz.1], [Sz.2], [M-T.1] and [M-T.2].
We shall deal with the real spaces only. However, after suitable modification
the complex case follows by essentially the same argument.

2. Average invariants

We shall work mainly in R™. By ||-]|, we shall denote the standard l,-norm on R™
and we shall identify n-dimensional Banach spaces with R™ equipped with suit-
able norms, i.e. for an n-dimensional Banach space X, we shall write X, =
(R™, || - llx,.). The n-dimensional Hilbertian space H, will be identified by
(R, || - |l2). For a Banach space X, the set of extreme points of its unite ball
By, will be denoted by Ex(X,) and the cardinality of Ex(X,) will be denoted
by e(X,). We shall restrict our interest to the spaces with e(X,) < co. Note
that if e(X,) is finite then one can identify X, with an appropriate quotient of
ii(x"). If a Banach space X,, = (R, || - ||x,) is fixed, then for a linear subspace
E C R™ we shall denote by X,,/E the corresponding quotient space of X,. In
particular, if B, is the unit ball of X, we shall identify X,,/E with the orthog-
onal complement E+ of E equipped with the norm || - ||p_, (Bx,.) induced on E+
by Pgi(Bx,), where Pp. stands for the orthogonal projection onto EL. The
quotient map from X, onto X,/E will be denoted by ¢g.

G,, will stand for the set of all compact groups of operators acting on R™. For
G € G, the normalized Haar measure on G will be denoted by hg. We shall
say that a family G C Gy, is isomorphically invariant if for every compact group
of operators G € G and for every isomorphism 7: R® — R™ the group TGT?!
also belongs to G. The class of all isomorphically invariant subsets of G,, will be
denoted by G2.
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For an n-dimensional Banach space X, = (R™,|| - ||x,.) and for a family of
isomorphically invariant groups G € GO we shall consider the quantity

(2.1) Av(X,,G) = inf sup / WUz x, dhe(U).
GEG zl|x,=1J/C

We shall need the following obvious properties of Av(X,,G).

PROPOSITION 2.1: For every isomorphically invariant family of groups G one
has
(i) Av(X,,G) > 1 for every Banach space X, = (R*, || - ||x,);
(i) Av(H,,G)=1;
(iii) for every pair of Banach spaces X, = (R™,] - ||x,) and Y, = (R™, || - [lv,.)

Av(X,, g) < d(Xna Yn) AV(Ym G),

where d(X,,Y,) stands for the Banach Mazur distance between X,
and Yy,;
(iv) in particular
Av(X,,0) < d(X,, Hp).

Recall, that an operator T € L(R™) is said to be (k,a)-mixing (or briefly
T € Mix,(k,a)), for some k > 0 and a > 0, iff there exists a linear subspace
E c R™ with dim(F) > k such that

|PgLTz|l2 > allzlls  for every z € E,

where Pg. stands for the orthogonal projection onto E-. Following the definition
of mixing operators, we shall say that a compact group of operators G € G, is
(k, o, p)-mixing for some & > 1, & > 0 and p € (0, 1] (or briefly G € Mix,(k, a, p))
iff

(2.2) he({T € G|T € Mix,(k,a)}) > p.

The following Theorem is a generalization of Theorem 1.4 in [Sz.2].

THEOREM 2.2: For every §, a > 0 and every « € (0,1/2] there is a constant ¢; =
c1(k, 8) such that for every n > 2 there exists a Banach space X, = (R*,|-|x,)
satisfying the properties
(i) e(Xn) = (1 +O)m,
(i) Lzl < lzlx, < Jally for every z € R™,
(iii) for every linear subspace E of R* with dim E < kn/32logn the following
estimate holds:
||qET: Xn - Xn/E” > C1a\/ﬁ,

for every T € Mix,(kn, ).
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The proof of this theorem is postponed to the last two sections. In fact, we
shall prove that “most of” n-dimensional quotients of [{* with m = (1 + &)n
satisfy the requirements of the theorem.

Remark: Note that in the language of “s-numbers” (iii) in the theorem above
exactly means that the (kn/32logn)-th Kolmogorov number is at least ciay/n
for every operator T' € Mix,(kn, c).

LEMMA 2.3: Let X, = (R*,|-|x,) be a Banach space satisfying the thesis of
Theorem 2.2 for some §,cc > 0 and & € (0,1/2]. Then

Card{z € Ex(X,.)||Tz|x, > cray/n} >

3210gn
for every T' € Mix,, (kn, a).

Proof: Fix arbitrary T € Mix,{xn, ) and set
E =lin{z € Ex(X,))||Tz|n > ciav/n}.
Clearly,
lgeT: X, = X,/E|| < crav/n
which, by Theorem 2.2 (iii), implies that dim E > xn/32logn. |

The next result is a formal consequence of Theorem 2.2 and the previous
lemma.

THEOREM 2.4: For every §,a > 0,p € (0,1),x € (0,1/2] and every n > 2 there
is a Banach space X,, = (R", |- |x, ) satisfying the properties
(i) e(Xn) = (1+d)n;
(ii) 3llzlle < lzlx, <zl for every z € R™;
(iii) for every group G € Mix,(kn,a,p) one has

5 L[ Meledno(n) > At v

s (1+46)logn’

'I'L

where c; is the constant from Theorem 2.2.

Proof: Fix 6,a > 0,p € (0,1) and & € (0,1/2]. Let X, be a Banach space
satisfying the conditions of Theorem 2.2. It remains to prove (iii). For every
group G € Mix, (kn, a, p) we have

e(Xn) Z /|Tx|x,,dhg /(1+6) |T$|Xnth(T)

Ex(Xn Ex(Xn
(2.3) z€Ex(X,) z€ExX(

> /A T om > ITzlx,dhe(T),

z€Ex(X,)
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where A = {T € G|T € Mix,(xn,a,p)}. Since G € Mix,(xn,a,p) yields that
ha(A) > p, by the previous lemma we infer that

1 K
/Am Z ]T:Elxnth(T)ZAmclaﬂdhg(T)

ceEx(X,
akap\/n
T 32(1+6)logn’
which, combined with (2.3), proves the required estimate. |

Remark: Note that Theorem 2.4 implies that if X,, is a Banach space satisfying
the conditions of Theorem 2.2, then for every isomorphically invariant family of
groups G € GY with the property that for every G € G one has G € Mix, (kn, o, p)
for some fixed k, > 0 and p € (0, 1] the following lower estimate for Av(X,,G)
holds:

c1Kapy/n
Av(X,,G) > —— .
v(Xn,6) 32(1 4 6)logn

On the other hand, by Proposition 2.1 (iv) and John’s Theorem one has
Av(X»,G) < V.

Thus, for fixed &, a and J, the lower and upper estimates for Av(X,,,G) differ by
a logarithmic factor. This leads to the following problem

PrROBLEM 1: Does there exist a positive constant ¢ = c¢(k,a,p) with the
property that for every positive integer n there is an m-dimensional Banach
space Y, with m > n such that for every G € G2, with G € Mix, (km, a, p) for
every G € G one has

Av(Yn, G) > c/m?

3. Mixing properties of groups of operators

Our first example of a class of groups satisfying some mixing condition of the form
(2.2) will be the class of groups connected with the notion of symmetry constants
of finite-dimensional Banach spaces, [GG]|, [Ma.1]. Namely, recall that a compact
group of operators G € G, is said to act irreducibly on R™ iff it does not admit
a nontrivial invariant subspace. The class of all such groups of operators acting
on R" will be denoted by G5. Clearly, G5 C G2. We have the following

THEOREM 3.1: For every G € G withn > 3 we have

n 11
Mix, | —=,-,= |-
G € Mix (20 1 5)
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Proof: Fix arbitrary G € G5 with n > 3 and for every z,y € R™ let

(z,9)c = /G Uz, Uy)adho(U),

where (-, -)2 denotes the standard scalar product on R™. Set

lelle = (z, 2)¢”.
Clearly, || - ||¢ is a Hilbertian norm on R and the group G consists of isometries
of (R%, | - llg)- Hence the set & = {z € R*||zll¢ < 1} is an ellipsoid. Let
T1,%2,...,Zn € R™ be the semiaxes of £ arranged in nonincreasing order, i.e.

lzallz 2 lzallz > - = liznll2-

Set Ei = lin{z;|j < n/2} and E; = lin{z;|j > n/2}. Observe that the
orthogonal projection Pg, onto E; in (R*,| - [|¢) is an orthogonal projection
in (R™, ]| - ||2) as well. Consider the operator

T:/ U~1Pg,Udhg(U).
G

In the sequel, in order to simplify notations we shall assume that n is an even
number. One can easily verify that T7U = UT for every U € G and that trT =
n/2. Therefore, cf. e.g., [Ma.2], Section 4, 1° (iii), one has

tr T

e

for every z € R™. Thus, for every z € R® we have

(Tz,z)g =

el = (To,2)o = [ (U7 Pe,Us,2)odhe(V)
G

= / (Pg, Uz, Pg,Uz)gdhg(U) = /G | Pe,Uz||%dha(U).
G

Set Sg, = {z € Ez||lz|lc = 1} and note that Sg, is the unit sphere in the
n/2-dimensional Hilbertian space (Ey,| - |l¢). Let pg, be the normalized Haar
measure on Sg, with respect to the Hilbertian structure induced on Sg, by ||-|lc-
By the Fubbini Theorem we have

% - /sE /c 1P, Uzligdha (U)du, (z)
= / / | P, Uz| & dpr, (z)dhe(U)
G JSEg,

2
== [ I1PeUIEANE siha D),
G
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where || - ||c.us denotes the Hilbert-Schmidt norm of operators acting from
(B2 |l - lg) into (R™, || - ||g). Hence

(31) | 1Pe 011 sihe(0) = n/a.

On the other hand, since Pg, U|Ey, for every U € G, is a contraction with respect
to the norm || - ||, we infer that

(3:2) |1 Pe,U|E: |G, 15 < m/2.

Set A = {U € G||Pg,U|E2||% gs > n/8}. (3.1) and (3.2) yield hg(A) > 1/5.
To complete the proof of the theorem it suffices to show that every U € A is
(n/20,1/4)-mixing. To this end, fix arbitrary U € A and set Ty = Pg, U|Es.
Write Ty in polar decomposition form with respect to the || - ||¢ norm

n/2
Tyz =Y i@, v2:)avis,

i=1

where 51 > 82 > --- > 8,72 > 0 while {v1;} and {v2;} are orthonormal systems
with respect to || - |l¢ norm in Ey and E, respectively. Clearly Tyl 5 =
M2 52 > n/8. Since Ty is a contraction with respect to || - |2 norm we infer
that s; < 1. Therefore, at least n/20 of s;’s are greater than or equal to 1/4. Let
F = lin{vg1,v22,... ,’Uz'n/go}. For every x € F, by the definition of spaces F;
and E5, we have

|ProUzl|lz > || P, Uzlla > |Zn/2ll2ll Pe,Uzllc = |20/2]l211 Tuzllc
> Hznell2lzlle > Flza/2llzlza 24 llz Hizlle = lzls,

which means that U € Mix, (n/20,1/4) and completes the proof of the theorem.
|

As an immediate consequence we obtain

THEOREM 3.2: For every § > 0 there exist a constant ¢ = ¢(d) with the property
that for every n > 3 there exists an n-dimensional quotient X,, of Z§1+5)" such
that

AV(Xn,G8) > YL
logn
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Proof: Let X, be a space satisfying Theorem 2.4. Fix arbitrary group G € G.
By Theorem 3.1 we have G € Mix,(n/20,1/4,1/5). Thus, by Theorem 2.4

> /lTwix dha(T)

T€Bx(Xp)

01(1/2()’ 6)\/—
= 12800(1+ 6) logn’

sup / iITz|x,dha(T)
llz||=1

Hence

AV(X,,G2) > e(5) L

logn’

where ¢ = ¢;(1/20,6)/12800(1 + 4). |
The author does not know the answer to the following

ProBLEM 2: Does there exist ¢ = ¢(d) > 0 such that for every § > 0 and every
positive integer n there exists an n-dimensional quotient X,, of l§”‘”" with the

pI‘OpeI‘ty
E 1 x Xn (ih > [ ¢

T€Ex(Xp)

for every group G € G 7

PROBLEM 3: Does there exist ¢ > 0 such that there are finite-dimensional
Banach spaces Y;, with arbitrary large dimension m with the property

AV(Yrm, G3) > cy/m?

Another example of a class of groups satisfying some mixing conditions are the
groups connected with the unconditional basis structure. Namely, let

Cn ={e=(e1,€,...6,)|e; € {-1,1} for i =1,2,...,n}

be the n-th Cantor group. For an arbitrary fixed basis {z;}—; in R™ with dual
functionals {z}}?_, and for each € € C, consider operator

Tz} (@) = Y 6zl ()T
=1

Clearly, operators {T (z,} }ecc, form a compact group, say Gy}, and the map
¢: € = T, (5} is a group isomorphism from C;} onto G{4,}. The class of all com-
pact groups of that form will be denoted by G¥4. Obviously, G2 is isomorphically
invariant.
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THEOREM 3.3: There is a constant pg > 0 such that for every n > 2
G € Mix,, (% 1,p0)
for every G € G°.
Proof: Fix arbitrary G € G**. Let G = G{,} for some basis {z;}7, in R™. Set
(3.3) A =A{T, (s} € GlItr(T (z.,})] < n/2}
and note that for 7 1,3 € G one has
(3.4) T e = ldgn —2P; (2.3,

where P, ;;,} is a projection in R™ onto lin{z;|i such that ¢; = —1} with ker-
nel equal to lin{z;|¢ such that ¢; = 1}. One can easily show that every rank k
projection Py, with k¥ < n/2, in an n-dimensional Hilbert space belongs to the
mixing class Mix, (k,1/2). Indeed, trivially this is true for every 1-dimensional
projection in (R?, || - ||2) and the general case follows from the observation that
every rank k projection Py, k < n/2, in (R?,]| - ||2) is a direct orthogonal sum of
k rank 1 projections in (R™, || - |l2). Since every projection with rank greater
than n/2 in R™ is of the form Idg. —P, where P is a projection with rank
less than or equal to n/2, and since adding a multiple of the identity operator
does not change the mixing class of an operator, we infer that every projection
P in an n-dimensional Hilbert space belongs to the mixing class Mix,(k,1/2),
where & = min{rank P,n — rank P}. Therefore, by (3.4), we infer that for every
Te,{z,-} eq
T, (2.} € Mixa(k, 1),

where k = (n — |tr(T, {¢,}])/2. Thus T, (5,3} € Mix,(n/4,1) for every T, (5,3 € A.
To complete the proof it is enough to observe that tr(T (5,}) = S, € and that,
by the Law of Large Numbers, there exists py > 0 such that

he,,., (A) = he, ({eecnl < g}) > po,

for every n > 2. |
Similarly, as in the case of Theorem 3.2 the theorem above formally yields

k3

e

=1

THEOREM 3.4: For every 6 > 0 there exists a constant ¢ = ¢(8) with the

property that for every n > 2 there exists an n-dimensional quotient X, of
l(1+6)n
i such that

AV(Xn, G) > eV

logn’
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Remark: Theorem 3.4 is not optimal. Namely, in [BKPS], for an n-dimensional
Banach space Yy, the quantity Av(Y,,G%?) is denoted by ruc(Y,) and K. Ball,
in [B], proved that there are proportional quotients Y, of I7* with Av(Y,, G%%) of
the order of /n.

Nevertheless, the following problem remains open:
PROBLEM 4: Does there exist ¢ = ¢(d) > 0 such that for every § > 0 and every
positive integer n there exists an n-dimensional quotient X, of l§1+6)" with the

property
1

e(X,)

for every group G € G ?

¥ / (Telx, dha > eV,
G

z€Ex(Xn)

4. The main technical theorem

We shall work with a fixed probability space (P,Q). By a standard Gaussian
vector in an n-dimensional FEuclidean space H, we shall mean an H,-valued
random variable with the density

(n/2m)"exp(~n|zll3/2)

with respect to the standard Lebesgue measure on H,. Some well-known basic
properties of standard Gaussian vectors which will be used in the sequel are
described in the following

ProPOSITION 4.1: Fix n € N and let g be a standard Gaussian vector in Hp,.
Then
(i) for every pair E, F of orthogonal subspaces in H,, the random vectors Pgg
and Prg are independent,
(ii) for every k-dimensional subspace E of H,, the random vector

n
—~P
\/; Eg

is a standard Gaussian vector in E,
(iii) there exists an absolute constant 0 < co < 1 such that

P({we:1/2< gl <2}) > 1.

In the sequel, for a given, fixed & > 0 and n € N we shall consider dn
independent standard Gaussian vectors gi,9z,---,gsn in R". For every w € Q
we define

Bx () = absconv{es, €2,...,€n,91,92;- - 2 G6n}s
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where eq,eq,...,e, is a standard unite vector basis in R®. The norm on R”
corresponding to By (,,) will be denoted by || - {| x(,) and we shall write X (w) =
(R™, | 'l x (w))> i-e. X (w) is the Banach space with the unit ball Bx(,,). Obviously,
X (w) is isometrically isomorphic to a quotient of l§1+“)”. Note that

1

(4.1) 7

Bg C BT C Bx(w),

for every w € Q.
We shall prove the following probabilistic version of Theorem 2.2:

THEOREM 4.2: For every a,0 > 0 and 0 < k < 1/2 there exist constants
c1 = c1(k,8),¢ce = ea(k, 6) > 0 such that if m = kn/32logn and Q(k,§) denotes
the set
Qk,6) = {w € A|lgrT: X(w) = X(w)/F|| > cron*/?
for every T € Miz,(x,a) and every F C R® with dim F' < m},

then P(Q2(k,8)) > 1 — c5.

Before we are able to proceed with the proof of Theorem 4.2 we shall need
some more notation. First, observe that it is enough to prove Theorem 4.2 for
a = 1. For given § > 0 and 0 < & < 1/2 we shall write m = kn/32logn and
¢ = min{kn/32,0}. Due to the probabilistic nature of our argument, without
any loss of generality we may and shall assume that

(P,Q) = (Plaﬂl) X (Pz,Qg),

where (P3,(;) and (P2,{2) are probabilistic spaces. Consequently, we shall
write w = {wy,w;). Moreover, we shall assume that g;’s for j = 1,2,...,en
depend on wq only, ie. gj(w1,w2) = g;j(wi), and similarly we shall assume that
g;’sfor j=en+1,e+2,...,6n depend on wy only, i.e. g;(w1,ws) = §;(w2). Set

Q) = {w1 € |3 <|gj(wy)ll2 < 2 for every j =1,2,...,en}
and
Qf = {wa2 € M2 < ||G5(wa)llz < 2 for every j =en+1,...,0n}.
By Proposition 4.1 (iii), we have
(4.2) P1(9)) > 1 —enc}

and similarly
(4.3) P2(92%) > 1— (6 — €)ncp.

We shall prove the following theorem which easily implies Theorem 4.2.
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THEOREM 4.3: For every wy € 2,8 > 0 and 0 < & < 1/2 there exist constants
c1 = c1(k, 6),c2 = ca(k, §) > 0 such that if (w2, k, 8) denotes the set
O (was 5, 8) = {w1 € YllgrT: X (wi,w2) = X (w1, w2)/Fl| > e1nt/?

for every T € Mix,(k,1) and every ' C R™ with dim F' < m},
then P1() (w2, &,8)) > 1— 5.

For every w; € §; define E,,, = span{gi(w1),d2(w1),...,Jen(w1)}. Let Gmpn
be the Grassmann manifold of all m-dimensional linear subspaces of R*. For
every F' € Gy p let Qu, r be the orthogonal projection in R” with ker Qu,,r =
F+E,,.

PROPOSITION 4.4: For every wy € 5, 0 < 8 < 1 and for every operator
T € Mix,(kn/2,1) define
A(ws, T, 8) = {w1 € Y| Qur,rT: X (w1,ws) = Quy,#(X (wr,w2))|| < 260/

for some F € Gpn}.

Then there is a constant C = C(k,d) such that for every wy € 0, and every
T € Mix,(kn/2,1) one has

P1(A(ws, T, 8)) < C™ gern’ /18,

The proof of Proposition 4.4 is postponed to the last section.
For every wy € Q) we let

By (u;) = absconv{er, €3, ..., €n; Jen+1 (1), Gens2(wWi), - -, Jon(wr)}
and denote by || - |ly(w,) the norm on R™ induced by By(q,)- We shall write
Y(w2) = R™,{ “ lly(ws)) Since the ball By(,,) is the absolute convex of
(1 + 6 — &)n points each of them of Euclidean length not exceeding 2, by a
well known argument [G], we infer that there exists a constant Cy = Ci(k, )
such that
Ch

(44) VOl(By(wz)) < (—n—) .
The next lemma is a standard ingredient (cf. [G], [M-T.1], [Sz.2]).

LEMMA 4.5: For every ws € Q23 and A > 0 let
Torna = {T: R* = R™T € Mixp(kn/2,1) and |T: [T = Y (ws)|| < A}.

Then there exists a constant Cy = Cy(k, ) such that T,, 4 admits a An~1/2/4-
net N, 4 with respect to the I3 operator norm with cardinality

2
card NV, 4 < C3 .
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Proof: Identifying operators acting on R™ with n x n-matrices and consequently
with points in R™ | by (4.4), we infer that for every wy € (2

VOlnz(ng,A) < <%> .

n

On the other hand, it is well known (cf. [G]) that

2
c'\"
ol (7R SRR < 1) < (S2)
where C' is some numerical constant and the required estimate follows from
standard arguments on the cardinality of minimal nets. 1

Proof of Theorem 4.3: Assuming the validity of Proposition 4.4 we shall prove
Theorem 4.3. Obviously, it is enough to prove the theorem for sufficiently large
n. Fix arbitrary ws € 95, 0 < k < 1/2 and § > 0. Let C and C; be the constants
from Proposition 4.4 and Lemma 4.5, respectively. Set 8 = (2CC,)~16/¢* and
A =20n'2. Let N, a be the An~1/2/4-net in T, 4 from Lemma 4.5. Set

W, A= | Alw,T.8),
TGNWQ,A
where for T € N,,, 4 the sets A{ws, T, ) are defined in Proposition 4.4. By (4.2),

Lemma 4.5 and the choice of § we infer that there exists a constant ¢ = ¢(x, )
such that

P (w2, 4)) > (1 —encd) — (1/2)™ > 1-c",
for sufficiently large n. To complete the proof of Theorem 4.3 with ¢y = ¢1(k,6) =
B it is enough to show that QY (ws, A) C Q4 (wy, 5, 6). Hence it suffices to prove

that for every w; € Qf(wq, A), every T € Mix, (xn,1) and every F € G, ,, One
has

(4.5) Qun, FT: X (w1, w2) = Quy,r(X (w1, w2))]| > B!/

Assume to the contrary that there exist wy g € QY (w2, 4), To € Mix,(kn, 1) and
Fy € G, such that

(4'6) “Quu,o,FoTO: X(w1,07w2) - le,o,Fo (X(WI,O’WQ))“ < ﬂnlﬂ‘

To simplify the notation we shall write Q for Q. ,,r,- Clearly Q(X(wi,0,w2)) =
Q(Y (w2)), By (4.1), we have

1QTo: IF = QY (wa))|| < Bn'/2.
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By a standard lifting argument we obtain an operator T3: R* — R* with
the properties QTy = QTy and ||Th: I} — Y(ws)|l < BnY/2. Observe that
rank(To — T1) < ker@Q < kn/8 implies T} € Mixyp(kn/2,1). Thus Ty € T, 4.
Choose T' € N, 4 such that [Ty — T|j2 < /2 and note that w;p € Qf (w2, A)
yields

(4.7) 1QT: X (w1,0,w2) = Q(X(wy,0,w2))|| > 26802

On the other hand, for (wy,ws) € Q] % O we have
n_1/2Bg Cc BX(wl,wz) - 2Bg

Therefore
(4-8) 1QS: X (wi,0,w2) = QX (wr,0,w2))l| < 20"/2||S]l2,

for every S: R® — R". Since QTp = QT4, combining (4.7) and (4.8) we obtain

QTo: X(wi,0,w2) = Q(X (w10, w2))l
>|QT: X (w1,0,w2) = Q(X (w10, w2))ll

— 1(QTy — QT): X (w1,0,w2) = Q(X (w1,0,w2))]l
>2ﬁn1/2 _ ﬂnl/Z — 6"1/2’

which contradicts (4.6) and proves (4.5), completing the proof of Theorem 4.3.
1

5. Proof of Proposition 4.4

Throughout this section we shall deal with a fixed ws € Q, and a fixed
operator T' € Mix,(xkn/2,1). Note that by the definition of the mixing class
Mix,(kn,1) there is a linear subspace E = E(T) C R® with dimE = xn/2
such that ||Pg1Tz|2 > ||z|]z for every € E. A standard argument on circu-
lar sections of an ellipsoid yields that in such a case there exists a linear sub-
space Ey = Eo(T) C E with dimEy = kn/4 and a A = A(T) > 1 such that
[[PgrTz||2 = A||z|l2 for every z € Ep.

For every w; € Q; and every F' € Gp,n let Qu, rE, be the orthogonal
projection in R® with

kerle,F,Eo = Ewl +E+PE'LTPE6L +F

For j = 1,2,...,en define g; = Pg,g; and g] = Pgyg;. By Proposition 4.1 (1)
we infer that the random vectors {g},d%,---»9tns 91,95, -1 9oy} are mutually
independent. In the sequel we shall use the following simple observation.
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Remark: For fixed wy, F and T the projection @, r g, is independent of g;’s

(i.e. depends on g7’s only).

Indeed, Py (E.,) depends on the distributions of g;’s only and hence so does

Pg. TPy (E,,). On the other hand, since Fy C E

Eu, + E= Ppi(Eu) + E=PpLPgi(Ey) + E
and, by the same token, E,,, + E depends on the distributions of g’s only.
LEMMA 5.1:  For every 8 >0, T € Mix,(kn/2,1), F € G and wy € Q) let

A(T, F,w) = {w1 € Q|Qun,F.Es T Prog; € 400 *Quiy 7.8 BX (w1 00)
for every 7 = 1,2,...,en}.
Then there exists a constant ¢ = ¢/(k, ) such that
P1(A(T, Fw2)) < (¢B)" /%,

Proof: In order to simplify the notation we shall write Q. for Q., rEg,. For
every fixed j =1,2,...,en we have

{w € 0|Qu,TPr,g; € AN 2Qu, Bx (uy wn) }
(5.1) ={w1 € N|Qu,Tgj € 4ABn"?Qu, Bx (coy wn)}
={w1 € M[A1Qu,Tv/n/ dim Eog} € 857 /2An*2Qu, Bx (wy2) }-
Set S = A"1Q,,T|Ey: Eo — R” and note that
(i) by Proposition 4.1 (ii), mg; is a standard gaussian variable in
Ey,
(ii) S has at least k s-numbers equal to 1 with k > kn/4 — m — 2en > kn/8,
(iii) the set Qu, Bx (w,,w;) is the absolute convex hull of vectors Q. e; for i =
1,2,...,nand Q,,9; for i =en+1,e+2,..., In, each of them with length
not greater 2. In particular, Qu, Bx (w,,w,) 18 independent of the distribution
of gj.
By a simple modification of Claim 6.3 in [Sz.1] we infer that there exists a
constant ¢’ = (., §) such that

(5 2) P]({U)l c Qll/\—lelT\/TL/ dlmEog; (S 8’{'—1/2:377'1/262011BX(wl,wz)})
: < (C’,B)Fm/s-
Since g’s are independent, combining (5.1) and (5.2) we have
P1(A(T, F,ws)) < P1({w1 € N|Qu, 5, TPE,9; € 400" 2 Qusy 7, Bo B (01 w2)

for every j = 1,2,...,en})
< (clﬂ)emﬂ/B
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which completes the proof of the lemma. |

The next lemma is a well known fact on nets on Grassmann manifolds due to
Szarek, Lemma 7.3 in [Sz.1).

LeEMMA 5.2: There exists an absolute constant C' > 1 such that for every
0 <n <1 andevery k < n the set Gy, admits an n-net N with the cardinality
Card N < C™ n~*" (with respect to the metric p(Fy, Fy) = [ Pra = Prall2)-

Proof of Proposition 4.4: Fix any n-net N in G, , with n = Bn~1/2/4. To prove
the proposition it suffices to show that for arbitrary T € Mix,(kn/2,1) and every
fixed wy € §2; one has

(5.3) A(T,ws) € | AT, F,ws).
FeN
Indeed, Lemmas 5.1, 5.2 and formula (5.3) yield

P (A(T,wy)) < c (ﬁn“1/2/4)*’""(0’5)65"2/8.

The last inequality easily implies the existence of a constant C' = C{(k,§) such
that the estimate required in Proposition 4.4 holds for every n satisfying
logn > e 1.

To complete the proof of the proposition it remains to prove (5.3). To this end
fix &, € A(T,ws) and choose Fy € G, such that

(54) ”Qd)pwz,FOT: X(®1¢w2) — Qlf)l,meo (X(‘:)hw?))” < Qﬂnl/z'
Pick Fy € N such that p(Fy, F1) < 7 and, to simplify notation, write ;, 4 = 0, 1,
for Qg w,,F,- Clearly, ||Qo — Qill2 < . Hence for every z € R™ we have
IQ1Qoz — Qizll2 < nllzll2. On the other hand, &; € Q] and wy € Q) yields
n~Y2B} C Bx(g, w,) C 2B3. Thus
(5.5) Q1Qu(Bx (5, w2)) € Q1(Bx (@, ,02)) +20Q1(B3).
For j = 1,2,...,en let z; = TPg,g;(@1). Then ||z;]la < 2X. Observe that
Pg.Qoz; and PEQoz; belong to ker Qg for j = 1,2,... ,en and therefore
(5.6) Qoz; = QoTyg; forj=1,2,...,¢en.
Combining (5.4), (5.5) and (5.6), we obtain that
Q1z; = Q1((Q1 — Qo)z; — QoTg;(én))
€ 22Q1(B3) +26n'Q1Q0(Bx (51 102))
C 45/\711/2@1(3)((@1,:»2))7
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for every j = 1,2,...,en, which means that &, € A(T, F,wz) and completes the
proof of (5.3). ]
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