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ABSTRACT 

I t  is p roved  t h a t  for a r b i t r a r y  m E N a n d  for a suf f ic ien t ly  n o n t r i v i a l  

c o m p a c t  g r o u p  G of o p e r a t o r s  a c t i n g  on  a " t yp i ca l "  n - d i m e n s i o n a l  

q u o t i e n t  X n  of l~ n w i t h  m = (1 + 5)n,  t h e r e  is a c o n s t a n t  c = e(5) 
s u c h  t h a t  

s u p  ] IITxlldhG(T) >_ cv~/logn. 
I1=11=1Jc 

1. I n t r o d u c t i o n  

We shall s tudy some properties of quotients of l~ with the dimension proportional 

to m. While studing local theory of Banach spaces the following type of problems 

is considered: For a given class ~ of groups acting on an n-dimensional linear 

space and an n-dimensional Banach space Xn estimate the quantity 

(1.1) I (Xn ,~)  = inf sup sup IITxl]. 
GeG II~ll=l TcG 

A typical example of such a situation is the case of groups connected with the 

symmetric  or unconditional basis structure of X~, [T]. In this paper  we shall 

study the invariant 

m v ( Z n , 6 )  = inf sup f [ITxlldho(T), (1.2) 
c~G iNil=l Jc 
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for "typical" proportional quotients of l~ of a fixed proportion and for some 

classes of compact groups of operators. Since/1-norm for a normalized measure 

is smaller than/o~-norm one has Av(Xn, G) _< I(X~, G). We shall prove that if 

the class of groups G consists of sufficiently nontrivial groups only, then 

Av(Xn,6)  > logn 

for "most of '  proportional quotients X~ of l~. In particular, this holds true for 

the class of compact groups acting irreducibly on Xn or the class of groups con- 

nected with the unconditional basis structure. It is worth mentioning that our 

methods allow considering proportional quotients of arbitrary but fixed propor- 

tion while previously some essential restrictions on the proportion were required 

[Sz.1], [Sz.2], [M-T.1] and [M-T.2]. 

We shall deal with the real spaces only. However, after suitable modification 

the complex case follows by essentially the same argument. 

2. A v e r a g e  inva r i an t s  

We shall work mainly in ~=. By ]]. lip we shall denote the standard/v-norm on ~n 

and we shall identify n-dimensional Banach spaces with li( = equipped with suit- 

able norms, i.e. for an n-dimensional Banach space Xn we shall write Xn = 
(R~,II" IIx=)" The n-dimensional Hilbertian space Hn will be identified by 

(Rn, II • 112). For a Banach space Xn the set of extreme points of its unite ball 

Bx,~ will be denoted by Ex(Xn) and the cardinality of Ex(Xn) will be denoted 

by e(Xn). We shall restrict our interest to the spaces with e(X~) < oo. Note 

that  if e(X~) is finite then one can identify X~ with an appropriate quotient of 

iel (X'~). if  a Banach space X~ = (]I~ =, I1" ]Ix,) is fixed, then for a linear sub@ace 

E C ~ we shall denote by Xn/E the corresponding quotient space of X~. In 

particular, if Bx~ is the unit ball of X= we shall identify X~/E with the orthog- 

onal complement E ± of E equipped with the norm ]1" IIp~ (Bx,,) induced on E -c 

by PEI(Bx,~), where PEJ. stands for the orthogonal projection onto E ±. The 

quotient map from Xn onto Xn/E will be denoted by qE. 
G~ will stand for the set of all compact groups of operators acting on ~n. For 

G C G~ the normalized Haar measure on G will be denoted by hG. We shall 

say that  a family G C ~n is isomorphically invariant if for every compact group 

of operators G E G and for every isomorphism T: ~ -+ R ~ the group TGT -1 
also belongs to ~. The class of all isomorphically invariant subsets of ~ will be 

denoted by C ° *¢2' 
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For an n-dimensional Banach space X~ = (~n, II' ]]z~) and for a family of 

isomorphically invariant groups G E G ° we shall consider the quantity 

Av(X~,G) = inf sup [ [IUx[]x~dhc(U). (2.1) 
a~g IP~}tx~ =1 J c  

We shall need the following obvious properties of Av(Xn, 6). 

PROPOSITION 2.1: For every isomorphically invariant family of groups 6 one 

has 

(i) Av(X~,G) > 1 for every Banach space X~ = (R '~, I1" Ilzo); 

(ii) Av(H~,6)  = 1; 
(iii) for every pair of Banach spaces X~ = ( ~ ,  ]l" IIz~) and Yn = (~'~, [[" []y.) 

Av(X, ,  6) _ d(Xn, Y.) Av(Y,, ~), 

stands for the Banach Mazur distance between X,~ where d(Xn, yn) 
and Y~; 

(iv) in particular 

Av(Xn, G) _< d(Xn, H~). 

Recall, that an operator T E L(~  ~) is said to be (k,a)-mixing (or briefly 

T E Mix,~(k,a)), for some k >_ 0 and a > 0, iff there exists a linear subspace 

E C ]R ~ with dim(E) _> k such that 

[]PE±TXlI2 > a][xlI2 for every x e E, 

where PE± stands for the orthogonal projection onto E ±. Following the definition 
of mixing operators, we shall say that a compact group of operators G C G,~ is 
(k, a, p)-mixing for some k >_ 1, a > 0 and p e (0, 1] (or briefly G C Mix,~(k, a, p)) 

iff 
(2.2) h a ( { T  C GIT E Mix,(k ,a)})  > p. 

The following Theorem is a generalization of Theorem 1.4 in [Sz.2]. 

THEOREM 2.2: For every 5, a > 0 and every ~ E (0, 1/2] there is a constant cl = 

c1(~, 5) such that for every n > 2 there exists a Banach space Xn = (IR ~, I" ]x~) 

satisfying the properties 

(i) e(X,~) : (1 + ~)n,  

(ii) ½11xlt2 < Ixlx~ < Itxlll for every x e ~'~, 
(iii) for every linear subspace E o f R  '~ with d i m E  < ~n/32 logn the following 

estimate holds: 

IIqET: X .  -~ X./Ell > clav~, 

for every T C Mix,~(nn, a).  
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The proof of this theorem is postponed to the last two sections. In fact, we 

shall prove that "most of'  n-dimensional quotients of l~ with m = (1 + 5)n 

satisfy the requirements of the theorem. 

Remark: Note that in the language of "s-numbers" (iii) in the theorem above 

exactly means that  the (~n/321ogn)-th Kolmogorov number is at least c l a v ~  

for every operator T E Mix,(~n, a). 

LEMMA 2.3: Let Xn = ( ~ ,  [ " ]x~) be a Banach space satisfying the thesis of 

Theorem 2.2 for some ~, a > 0 and ~ E (0, 1/2]. Then 
t~n 

Card{x E Ex(X,~)IITxIx ~ > clax/n} > 321og-------n' 

for every T E Mix.(~n, a). 

Proo£" Fix arbitrary T E Mix~(~n, a) and set 

E = lin{x E Ex(X~)llTx[~ >_ ClO~V/n}. 

Clearly, 

[[qET: Xn  ---+ Xn/E[[ < CxOlx/z'n 

which, by Theorem 2.2 (iii), implies that d i m e  > ~n/321ogn. I 

The next result is a formal consequence of Theorem 2.2 and the previous 

lemma. 

THEOREM 2.4: For every 5, a > 0,p E (0, 1), ~ C (0, 1/2] and every n k 2 there 

is a Banach space Xn = (]~, I " I x~) satisfying" the properties 

(i) e(Xn) = (1 + 6)n; 
(ii) ½1[xlI2 < Ixlxo <_ lixlll for everyx E ~ ;  

(iii) for every group G E Mixn(Kn, a,p) one has 

c l~apv~ 
1 ~ [ ITzlx~dhc(T) > 32(1+~)logn' 

e(X~) ~eE~(x~)JG 

where cl is the constant from Theorem 2.2. 

Proof'. Fix 5,a > 0,p E (0,1) and ~ E (0,1/2]. Let Xu be a Banach space 

satisfying the conditions of Theorem 2.2. It remains to prove (iii). For every 

group G E Mixn(~n, a,p) we have 

1 fG 1 e(Z~) Z ITxix~dhG(T) 
zeEx(X~) 

(2.3) 

]Txix, dhc(T) = / c  (1 + 5)n Y~ 
xEEx(X~) 

(1 + (f)n Y~ 
> 

xEEx(X~) 
ITxIx,~ dhG(T), 
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where .4 = {T C GIT E Mixn(nn, c~,p)}. Since G E Mixn(~n, ce,p) yields that 

he (A)  >_ p, by the previous lemma we infer that 

A ~; Cl~v/ndha(T) ITxlx~dha(T)  >- 32(1 + 5) logn J(A 1 (1+ a)n Z 
x~:Ex(X~ 

> cl n a p v ~  
- 32(1  + 5) logn '  

which, combined with (2.3), proves the required estimate. 

Remark: Note that Theorem 2.4 implies that if X~ is a Banach space satisfying 

the conditions of Theorem 2.2, then for every isomorphically invariant family of 

groups C E C ° with the property that for every G E C one has G E Mixn(nn, c~,p) 

for some fixed n, c~ > 0 and p E (0, 1] the following lower estimate for Av(Xn, C) 

holds: 
Cl nc~pv/-~ 

Av(X~, C) _> 
32(1 + 6) logn" 

On the other hand, by Proposition 2.1 (iv) and John's Theorem one has 

Av(Xn, G) _< v~ .  

Thus, for fixed n, c~ and a, the lower and upper estimates for Av(Xn, C) differ by 

a logarithmic factor. This leads to the following problem 

PROBLEM 1: Does there exist a positive constant c = c(n,c~,p) with the 

property that  for every positive integer n there is an m-dimensional Banach 

space Ym with m _> n such that for every G E C ° with G E Mixn(nm, oe, p) for 

every G E C one has 

av(Ym, C) > cv/-m? 

3. M i x i n g  p r o p e r t i e s  o f  g roups  of  o p e r a t o r s  

Our first example of a class of groups satisfying some mixing condition of the form 

(2.2) will be the class of groups connected with the notion of symmetry constants 

of finite-dimensional Banach spaces, [GG], [Ma.1]. Namely, recall that  a compact 

group of operators G E G,~ is said to act irreducibly on R n iff it does not admit 

a nontrivial invariant subspace. The class of all such groups of operators acting 

on ]R n will be denoted by G~. Clearly, 6~ C G °. We have the following 

THEOREM 3.1: For every G E C~ with n > 3 we have 

' 4 ' 5  " 
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Proof: Fix  a rb i t r a ry  G 6 ~ with  n > 3 and for every x, y 6 R n let 

(x, Y)G =/o(Ux, Uy>2dhG(U), 

where (., ")2 denotes  the s tandard  scalar p roduc t  on N n. Set 

llxWIG : 2 

Clearly, II" lie is a Hi lber t ian norm on ~'~ and the  group G consists of isometries 

of ( ] ~ , ] ] .  IIG). Hence the set g : {x 6 ]~'~]]lx]]e <_ 1} is an ellipsoid. Let  

x l ,  x2 , . .  •, x~ E II~ ~ be the semiaxes of £ ar ranged in nonincreasing order,  i.e. 

tlxlll  >__ llx ll  > >-lixnll . 

Set E1 = lin{xjlj <_ n/2} and E2 = l in{xj l j  > n/2}. Observe  t h a t  the  

or thogonal  project ion PE~ onto E1 in (R '~, N" NG) is an or thogonal  project ion 

in (N n, I]' ]]2) as well. Consider the opera tor  

T = f U-~PE~UdhG(U). 
JG 

In the sequel, in order to simplify nota t ions  we shall assume tha t  n is an even 

number .  One can easily verify tha t  TU -- UT for every U E G and tha t  t r  T = 

n/2. Therefore ,  cf. e.g., [Ma.2], Section 4, 1 ° (iii), one has  

_ _  1 (Tx, x>a = tr T = 2 tlxll~' 

for every x 6 ~n .  Thus,  for every x 6 IR '~ we have 

lllxll ~ = (Tx, x>G = fa(U-~PE~Ux, x)Gdha(U) 
= £ (PE1Ux, PE~ Ux>GdhG(U)= £ IIPE~ UxII2Gdhc(U). 

Set SE~ = {x 6 E2IHxlla = 1} and note  tha t  SE2 is the  uni t  sphere in the  

n /2 -d imens iona l  Hi lber t ian  space (E2, I1" IIG). Let #E~ be the  normal ized Haar  

measure  on SE2 with respect  to the  Hi lber t ian s t ructure  induced on SE2 by I1" ilc- 

By the  Fubbini  Theo rem we have 1££ 
2 ~2 

=/°i 
n 

IIPE1 UxII2Gdhc(U)dltE~ (x) 

IIPE~ Uxll~d#s , (x)dhc(U) 

II PE, U I E2 II ~,~z sdhv (U), 
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where I[" [[G.HS denotes the Hilbert-Schmidt norm of operators acting from 

(E2, [[-I[G) into (~'~, ][. JIG). Hence 

/c  IIPE~ UIE2I]~,HsdhG(U) = n/4.  (3.1) 

On the other hand, since PE1U[E2, for every U • G, is a contraction with respect 

to the norm I1' JIG, we infer that  

(3.2) [IPE, UIE~II2G,HS <_ n/2. 

Set A = { u  • GIILPE1UIE211~,HS ~ n/8}.  (3.1) and (3.2) yield hG(A) > 1/5. 
To complete the proof of the theorem it suffices to show that  every U • A is 

(n/20, 1/4)-mixing. To this end, fix arbitrary U • A and set Tu = PEIUIE2. 

Write Tu in polar decomposition form with respect to the I1" JIG norm 

~/2 

i = 1  

where sl > s2 > . . .  > Sn/2 >_ 0 while {vl,~} and {v2,i} are orthonormal systems 

with respect to I] " I[c norm in E1 and E2, respectively. Clearly I]Tu[IG,HS2 = 

E n / 2  2 > n/8.  Since Tu is a contraction with respect to 11" 112 norm we infer i = 1  S i  - -  

that  sl _< 1. Therefore, at least n/20 of s~'s are greater than or equal to 1/4. Let 

F = lin{v2,a, v2,2,. . . ,  v2,n/20}. For every x • F,  by the definition of spaces E1 

and E2, we have 

IlPFIUxll2 >~ IIPE~UXI[2 >~ IIx~/211211PE, UxlIc = IIx~/21i211TuxllG 
1 >_ ~llxn/~llzllxllG _> ¼[Ix~/~ll21tx~/2+~ll~Xllxll2 > ¼11xl[2, 

which means that  U c Mix,~(n/20, 1/4) and completes the proof of the theorem. 
| 

As an immediate consequence we obtain 

THEOREM 3.2: For every 5 > 0 there exist a constant c = c(5) with the property 

that [or every n > 3 there exists an n-dimensional quotient X,~ of l(l+~)n such 

that 

Av(Xn, gs) > Clog n 
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Proof: Let X~ be a space satisfying Theorem 2.4. Fix arbitrary group G E G~. 

By Theorem 3.1 we have G E Mixn(n/20, 1/4, 1/5). Thus, by Theorem 2.4 

snp f trxL odh (T)> 1_%__ Z [ Irxl odh (T) 
IIxlI=IJG -- e(Xn) ~en×(x,) J a  

> c (1/20, 6)v  
- 12800(1 + 5) log n" 

Hence 

Av(X. ,  6~) > c(5) v/~ 
- l o g  n '  

where c = cl (1/20, 5)/12800(1 + 5). | 

The author does not know the answer to the following 

PROBLEM 2: Does there exist c = c(5) > 0 such that for every 5 > 0 and every 

positive integer n there exists an n-dimensional quotient X .  of/~l+~)n with the 

property 

xEEx(X~) 
e(X ) 

for every group G c G s ? 

PROBLEM 3: Does there exist c > 0 such that there are finite-dimensional 

Banach spaces Ym with arbitrary large dimension m with the property 

Another example of a class of groups satisfying some mixing conditions are the 

groups connected with the unconditional basis structure. Namely, let 

Cn = {E = (£1 ,E2, . . .~n) l£ i  e {--1,  1} for i ---- 1,2 , . . .  , n }  

X n ]l~n be the n-th Cantor group. For an arbitrary fixed basis { i}i=l in with dual 

functionals {x*}i~l and for each e E C~ consider operator 

n 

i=1 

Clearly, operators {T~,{x~}}~ec~ form a compact group, say G{x~}, and the map 

¢: e --+ T~,{~} is a group isomorphism from C¢ onto G(~}.  The class of all com- 

pact groups of that  form will be denoted by G ubn . Obviously, ~bn is isomorphically 

invariant. 
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THEOREM 3.3: There is a constant Po > 0 such that for every n ~ 2 
n 

for every G E g~b. 

Proof: Fix arbitrary G E ~ b .  Let G = G{x~} for some basis {x~}i~ 1 in R n. Set 

(3.3) A = {T~,{~} E G[Itr(T~,{~,})l < n/2} 

and note that  for T~,{x~} E G one has 

(3.4) T~,{~} = Id~t~ -2P~,{x~}, 

where P~,{x~} is a projection in R n onto lin{xi]i such that ei = - 1 }  with ker- 

nel equal to lin{xi[i such that ei = 1}. One can easily show that every rank k 

projection Pk, with k _ n/2, in an n-dimensional Hilbert space belongs to the 

mixing class Mixn(k, 1/2). Indeed, trivially this is true for every 1-dimensional 

projection in (R 2, I[" 112) and the general case follows from the observation that 

every rank k projection Pk, k < n/2, in (~2, ][. ]]2) is a direct orthogonal sum of 

k rank 1 projections in (Rn, I1" [12)- Since every projection with rank greater 

than n/2 in IR ~ is of the form I d ~  - P ,  where P is a projection with rank 

less than or equal to n/2, and since adding a multiple of the identity operator 

does not change the mixing class of an operator, we infer that every projection 

P in an n-dimensional Hilbert space belongs to the mixing class Mixn(k, 1/2), 

where k = min{rank P, n - rank P}. Therefore, by (3.4), we infer that for every 

T~,{,~} E Mix,(k, 1), 

where k = (n-I tr(T~,{~}l) /2.  Thus T~,{~,} E Mix, (n/4 ,  1) for every T~,{**} E A. 

To complete the proof it is enough to observe that tr(T~,{~,}) = ~ i~1  e~ and that,  

by the Law of Large Numbers, there exists P0 > 0 such that 

h a ~ } ( A ) = h c ~  e c C n l  ei <_ >_Po, 

for every n > 2. | 

Similarly, as in the case of Theorem 3.2 the theorem above formally yields 

THEOREM 3.4: For every 5 > 0 there exists a constant c = c(5) with the 

property that for every n _> 2 there exists an n-dimensional quotient X,~ of 
l~ l+~)n such that 

Av(X~, g~ b) >_ Clog n . 
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Remark: Theorem 3.4 is not optimal. Namely, in [BKPS], for an n-dimensional 

Banaeh space Y,~, the quantity Av(Y~, G~ b) is denoted by rue(Yn) and K. Ball, 

in [B], proved that  there are proportional quotients Y~ of l~  with AV(Yn, G~ b) of 

the order of x/-n. 

Nevertheless, the following problem remains open: 

PROBLEM 4: Does there exist c = c(~) > 0 such that  for every 6 > 0 and every 

1(1+~)'~ with the positive integer n there exists an n-dimensional quotient Xn of °1 

property 

e(X ) ITxfxodhG >_ 
xeEx(X~) 

for every group G C g~b~ 7. 

4. T h e  m a i n  technical  theorem 

We shall work with a fixed probability space (P, ~t). By a standard Gaussian 

vector in an n-dimensional Euclidean space Hn we shall mean an Ha-valued 

random variable with the density 

(n/27r)n/2exp(-nllxl12 /2) 

with respect to the standard Lebesgue measure on H~. Some well-known basic 

properties of standard Gaussian vectors which will be used in the sequel are 

described in the following 

PROPOSITION 4.1: Fix n E N and let g be a standard Gaussian vector in Ha. 

Then 
(i) for every pair E,  F of orthogonaI subspaces in Hn the random vectors PEg 

and PEg are independent, 

(ii) for every k-dimensional subspace E of H,~ the random vector 

is a standard Gaussian vector in E, 

(iii) there exists an absolute constant 0 < co < 1 such that 

P({w e a :  1/2 < [Ig(~)[12 <_ 2}) > 1 - c~. 

In the sequel, for a given, fixed ~ > 0 and n E N we shall consider 5n 

independent standard Gaussian vectors gl,92,. . . ,g6,~ in ] ~ .  For every w E f~ 

we define 

Bx(~) : absconv{el, e2, • • •, e,~, gl, g~, • • •, g6n}, 
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where e l , e 2 , . . .  ,an is a s t andard  unite vector  basis in 1~ '~. The  norm on ]R n 

corresponding to Bx(~) will be denoted by I[' [Ix(w) and we shall write X(w)  = 

( tR'~, [[' I[x(~o)), i.e. X(w)  is the  Banach space with the  unit  ball Bx(~).  Obviously, 

X ( w )  is isometr ical ly  isomorphic  to a quotient  of II l+~)n. Note  t ha t  

1 
(4.1) c c 

for every w 6 Q. 

We shall prove the  following probabil is t ic  version of T h e o r e m  2.2: 

THEOREM 4.2: For every c~, 6 > 0 and 0 < ~ < 1/2 there exist constants 

el = e1(~,5) ,c2 = e2(~,5) > 0 such that i f m  = ~n/321ogn and t ) (~,6)  denotes  

the set  

~(t%5) : {w e ~lllqFT: X(w)  -+ X(co)/Fl[ >_ ClCm 1/2 

for every T E Mixn(t{, a) and every F C R n with d i m F  _< m},  

then P ( h ( n ,  6)) k 1 - c~. 

Before we are able to proceed with the  proof  of Theorem 4.2 we shall need 

some more  notat ion.  First ,  observe tha t  it is enough to prove T h e o r e m  4.2 for 

a = 1. For given 6 > 0 and 0 < ~ < 1/2 we shall w r i t e m  = ~n /321ognand  

a = min{~n /32 ,6} .  Due to the probabil is t ic  na ture  of our a rgument ,  wi thout  

any loss of  general i ty  we may  and shall assume tha t  

(P ,  ft) = ( P , , f h )  x (P2 , f tz ) ,  

where ( P l , f h )  and (P2,f~2) are probabil is t ic  spaces. Consequently,  we shall 

wri te w = (wl,w2). Moreover,  we shall assume tha t  gj's for j = 1 , 2 , . . . , a n  

depend  on Wl only, i.e. gj(wl,w2) = ~j(wl),  and similarly we shall assume tha t  

gj's for j = an + 1, e + 2 , . . . ,  5n depend on w2 only, i.e. gj (wl, w2) = Oj (w2). Set 

fl i = {021 e fill½ < II.~j(~Jll2 _< 2 for every j = 1 , 2 , . . .  ,an} 

and 

' ft 1 . . . , S n } .  ft 2 = { w 2  E 21~ < [ I g j ( W 2 ) l l 2 - < 2 f o r e v e r y j = a n + l ,  

By  Propos i t ion  4.1 (iii), we have 

(4.2) P l ( f t~ )  > 1 -enc'~) 

and similar ly 

(4.3) P2(fl~)  > 1 - (5 - s)nc'~). 

We shall prove the  following theorem which easily implies T h e o r e m  4.2. 
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THEOREM 4.3: For every w2 E ~ ,  ~ > 0 and 0 < ~ < 1/2 there exist constants 

Cl = CI(/q,, 5),  C 2 = C2(n , 5) > 0 sHch that i f~l(w2,  n, 5) denotes the set 

~ l ( a ) 2 ,  ~, 5) ~-- {a) 1 E • i [ l lqFT:  X(a) l , a )2 )  --} X(a) l , (a)2) /F} t  ~_ eln 1/2 

for every T E Mixn(K,, 1) and every F C 1~ n with d i m F  < m}, 

then P1(51(~2,~,~)) >_ 1 - c~. 

For every ~i e ~1 define E ~  = span{~l(~l) ,0~(~), . . .  ,0~(~1)}. Let am,~ 
be the Grassmann manifold of all m-dimensional linear subspaces of R ~. For 

every F E G~,~ let Q~,F  be the orthogonal projection in R ~ with ker Qo~,F = 

F + E ~ .  

PROPOSITION 4.4: For every w2 C f~ ,  0 < ~ < 1 and for every operator 

T E Mix~(~n/2, 1) define 

A(w2,T,/3) = {Wl C f~ll[Q~x,FT: X(wl ,w2)  -+ Q~,F(X(wl,w2))[[ < 2~3n 1/2 

for some F E Gin,n}. 

Then there is a constant C = C(~, 5) such that for every w2 E ~ and every 

T E Mix~(~n/2, 1) one has 

P~(A(~2,T,~)) < C ~  ~/~6 

The proof of Proposition 4.4 is postponed to the last section. 

For every w2 E f~[ we let 

B y ( ~ )  = absconv{el, e2,. • •, e~, 0~+1 (wl), 0~+2 (wl), •. •, ~ n  (Wl) } 

and denote by 1]. ][v(~:) the norm on II~ '~ induced by By (~ ) .  We shall write 
Y(w2) = (R ~, [ l '  IIv(~:)). Since the ball B v ( ~ )  is the absolute convex of 

(1 + 5 - ¢)n points each of them of Euclidean length not exceeding 2, by a 

well known argument [G], we infer that there exists a constant C1 = Cl(a, 5) 

such that  

(4.4) vol(Bv(~)) < ( - ~ )  ~ • 

The next lemma is a standard ingredient (cf. [G], [M-T.1], [Sz.2]). 

LEMMA 4.5: For every w2 C f~2 and A > 0 let 

T~,A = {V: N n -+ ]R'~IT E Mix,(~n/2,  1) and lIT: l~ ~ Y(w2)][ _< A}. 

Then there exists a constant C2 = C:(a, ~) such that T~,A admits a A n - V 2 / 4 -  

net Af~o:,A with respect to the l~ operator norm with cardinality 

7~ 2 
card Afo~:,A _< C~ . 
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Proof." Identifying operators acting on ]R ~ with n x n-matrices and consequently 

with points in ]R ~2 , by (4.4), we infer that  for every 0)2 E ft~ 

n 2 

On the other hand, it is well known (cf. [G]) that  

vol.~({T: R ~ --~ RnllIT][2 _< 1}) _< k,x/~] ' 

where C ~ is some numerical constant and the required estimate follows from 

standard arguments on the cardinality of minimal nets. | 

Proof of Theorem 4.3: Assuming the validity of Proposition 4.4 we shall prove 

Theorem 4.3. Obviously, it is enough to prove the theorem for sufficiently large 

n. Fix arbi trary w2 E ft~, 0 < n < 1/2 and 5 > 0. Let C and C2 be the constants 

from Proposition 4.4 and Lemma 4.5, respectively. Set 13 = (2CC2) -16/e~ and 

A = 2fin 1/2. Let N'~2,A be the An-1/2/4-net in T~,A from Lemma 4.5. Set 

~"rw A) ' \ 1~ 2, : ~1 [_J A(0)2 ,T,9) ,  
T E Jkfw 2 ,A 

where for T C Afo~,A the sets A(0)2, T, fl) are defined in Proposition 4.4. By (4.2), 

Lemma 4.5 and the choice of 13 we infer that  there exists a constant c = c(g, 5) 

such that  
P I ( ~ ( w 2 ,  A)) _> ( 1 - ~ n c ~ ) -  (1/2) n2 > 1 -  c n, 

for sufficiently large n. To complete the proof of Theorem 4.3 with cl = Cl (~c, 5) = 

it is enough to show that  Ft'/0) A) C ~1(w2,~,5). Hence it suffices to prove 1 I, 2~ 

that  for every o)1 E f'/~(0)2, A), every T E Mixn(nn, 1) and every F C Gm,n one 

has 

(4.5) I]Q~,,FT: X(0)l,w2) -~ Q~,,F(X (wl,0)2) )][ >_ ~n 1/2. 

f~'/w A), To E Mix~(gn, 1) and Assume to the contrary that  there exist 0)1,0 C 1~ 2, 

F0 E G~,,~ such that  

(4.6) IIQ~.o,EoTo: X(wl,o,0)2) -~ Q~,,o,Fo(X(wl,0,~2))tl < ~n 1/2. 

To simplify the notation we shall write Q for Q~.o,Fo. Clearly Q(X(wl,o, w2)) = 

Q(Y(0)2)), By (4.1), we have 

]IQT0: l~ -+ Q(Y(w2))ll < ~n ~/2. 
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By a s t andard  lifting a rgument  we obtain  an opera to r  TI: I~ '~ -+ I~ n wi th  

the proper t ies  QTo = QT1 and lIT1: l~ -~ Y(w2)]l < fin U2. Observe  t ha t  

rank(To - T1) __< k e r Q  _< ~n/8 implies T1 E Mix,~(an/2,  1). Thus  T1 E T~:,A. 

Choose T E JV'w2,A such tha t  lIT1 - TII2 < f l /2  and note t ha t  wl,0 E ~'~(w2, A) 

yields 

(4.7) IIQT: X(~dl,0,od2) ~ Q(X(wl,o,~2))ll > 2fin 1/2. 

On the other  hand,  for (wl,w2) E f~  x f ~  we have 

n- l l2B~ C Bx(~,~2) C 2B~. 

Therefore  

(4.8) IIQS: X(~1,o,~2) -+ Q(X(w~,o,w2))ll < 2nl/211Sl12, 

for every S: R ~ ~ R ~. Since QTo = QT1, combining (4.7) and (4.8) we obta in  

II QTo : X(O-)l,0,o.)2) --~ Q( X ( wl,o, w2 ) ) ll 

_>IIQT: X(~,0,w2) -+ Q(X(~,0,~2))ll 
-II(QT~ - Q T ) :  X(w~,o,w2) -+ Q(X(~,0, w2))ll 

:> 2flnl/2 -- flnl/2 = fin1~ 2, 

which contradic ts  (4.6) and proves (4.5), complet ing the proof  of T h e o r e m  4.3. 

I 

5. P r o o f  o f  P r o p o s i t i o n  4 .4  

T h r o u g h o u t  this section we shall deal with a fixed w2 E 0 '  2 and a fixed 

opera to r  T E Mixn(nn/2, 1). Note tha t  by the definition of the mixing  class 

Mix,~(nn, 1) there  is a linear subspace E = E(T) C R n with d i m e  = an~2 
such tha t  IIPExTX[[2 >_ [Ixl[2 for every x E E .  A s t andard  a rgument  on circu- 

lar sections of an ellipsoid yields tha t  in such a case there  exists a linear sub- 

space E0 = Eo(T) C E with d i m E 0  = an~4 and a ,~ = ,~(T) > 1 such t ha t  

I[PE~TXlI2 = )~[[x[[2 for every x E E0. 

For every Wl E Ftl and every F E Gm,n let Q,~I,F, Eo be  the or thogonal  

project ion in IR n with 

kerQ~l,f,E o = E~I + E + P~-  TPE~ + F. 

For j = 1 , 2 , . . .  ,on  define g~ = PEogj and g~' --- PEo~gj. By Propos i t ion  4.1 (i) 

we infer t ha t  the r andom vectors  {g~ ,g~ , . . . ,  ' " " gen, gl , g 2 ' , ' ' " ,  g~n} are mutua l ly  

independent .  In the  sequel we shall use the following simple observat ion.  
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Remark: For fixed a)l ,  F and T the projection Q~o~,F,~o is independent of 93's 

(i.e. depends on g}'s only). 

Indeed, PEo~ (E~)  depends on the distributions of g}~'s only and hence so does 

PE~ TPEo~ (Eo~). On the other hand, since Eo C E 

E~, + E =  PE~(E~ol) + E =  PE±PEo~(E~) + E 

and, by the same token, E ~  + E depends on the distributions of g~"s only. 

LEMMA 5.1: For every/3 > O, T E Mixn(~n/2, 1), F e Gm,n and w2 E ft~ let 

A(T, F, w2) = {wl • fl~IlQw1,F,E~TPEogj • 4)~nl/2Q~,F, EoBX(~l,W~) 

for every j = 1, 2 , . . . ,  an}. 

Then there exists a constant c ~ = c'(~, E) such that 

PI(A(T,F,  w2)) <_ (c'13) ~"~/s.  

Proof." In order to simplify the notation we shall write Q~o~ for Q~,F, Eo. For 

every fixed j = 1, 2 , . . . ,  an we have 

{wl • fh[Q~TPEogj e 4AI3nl/2Q~,Bx(~I,~)} 

(5.1) ={a) 1 • QIIQ~Tg3 • 4Aflnl/2Q~,Bx(~o,,~o~)} 

={Wl • ftllA-1Q~o~Tx/n/ dimEog} • 8~-V2flnl/2Q~Bx(,o~,~o~)}. 

Set S = A-1Q~o~TIEo: Eo --+ ]R ~ and note that 

(i) 

(ii) 

(iii) 

by Proposition 4.1 (ii), v/n/dimEog} is a standard gaussian variable in 

E0, 
S has at least k s-numbers equal to 1 with k >_ ~n/4 - m - 2en >_ ~n/8, 
the set Qo;1Bx(~,~) is the absolute convex hull of vectors Q ~ e i  for i = 

1 ,2 , . . .  ,n  and Q~gi for i = e n +  1 , e + 2 , . . .  ,Sn, each of them with length 

not greater 2. In particular, Q ~  Bx( ,~ ,~)  is independent of the distribution 

of 93. 
By a simple modification of Claim 6.3 in [Sz.1] we infer that  there exists a 

constant c' = c'(~;, 5) such that 

P l ({wl  • ftl[A-1Q~lTv/n/ dimEog3 • 8n-1/2flnl/2QwiBx(~l,~o2)}) 
(5.2) 

_< 

Since g~'s are independent, combining (5.1) and (5.2) we have 

PI(c4(T, F, w2)) < Pl({Wl 6 f~I[Q~I,F, EoTPEogj • 4)~nl/2QwI,F, EoBX(co~,a,2) 

for every j = 1 , 2 , . . . ,  an}) 

_< 
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which completes the proof of the lemma. | 

The next lemma is a well known fact on nets on Grassmann manifolds due to 

Szarek, Lemma 7.3 in [Sz.1]. 

LEMMA 5.2: There exists an absolute constant C > 1 such that for every 

0 < r] < 1 and every k < n the set Gk,n admits an ~?-net Af with the cardinMity 
CardAf <_ C~r] -kn (with respect to the metric p(F1, F2) = IIPF~ -- PF~ 112). 

Proof of Proposition 4.4: Fix any rknet Af in G,~,n with r~ = ~n-1/2/4. To prove 

the proposition it suffices to show that for arbitrary T E Mixn(~n/2, 1) and every 

fixed co2 E f t [  one has 

(5.3) A(T, w2) C U A(T, F, w2). 
FEN 

Indeed, Lemmas 5.1, 5.2 and formula (5.3) yield 

p I (A(T ,  ~2)) <_ C ~ (~n-~/2/4)-"~(c'/~) ~'~n~/s. 

The last inequality easily implies the existence of a constant C = C(~¢, 5) such 

that  the estimate required in Proposition 4.4 holds for every n satisfying 

logn > ~-1. 

To complete the proof of the proposition it remains to prove (5.3). To this end 

fix 5~1 E A(T, w2) and choose F0 E Gm,,~ such that 

(5.4) ]IQ,~,,~2,FoT: X(hJl,w2) -+ Qh, I,,,,,Fo(X(&I,W2))[I ~_ 2j3n 1/2. 

Pick F1 EAf such that p(F0, F1) < ~ and, to simplify notation, write Qi, i = 0,1, 

for Q~,~2,F~. Clearly, I]Q0 -Q1]]2 < 7?- Hence for every x C 1I( n we have 

[[QiQox - Qlx[12 ~ ~llxll2. On the other hand, ~x ~ a l  and ~2 C ~ yields 
n-1/2B~ C Bx(~,~:) C 2B~. Thus 

(5.5) Q1Qo (Bx(~i ,~:)) c Q~ (Bx(~  ,~)) + 2~Q~ (B~). 

For j = 1 , 2 , . . . , e n  let xj = TPEogj(&I). Then [Ixj[12 _< 2A. Observe that 

PE±Qoxj and PEQoXj belong to kerQ0 for j = 1 ,2 , . . .  ,an and therefore 

(5.6) Qoxj = QoTgj for j = 1, 2 , . . . ,  en. 

Combining (5.4), (5.5) and (5.6), we obtain that 

Ql Xj = QI((Q1 - Qo )xj -- QoTgj (C)l)) 
1/2 

C 4~Anl/2Q1 (Bx(~,~)) ,  
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for every j = 1, 2 , . . . ,  sn, which means tha t  ~1 E A(T, F, 022) and completes the 

proof  of (5.3). II 
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